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It is shown that discrete-time quantum walks can be used to digitize, i.e., to time discretize
fermionic models of continuous-time lattice gauge theory. The resulting discrete-time dynamics is
thus not only manifestly unitary, but also ultralocal, i.e. the particle’s speed is upper bounded, as
in standard relativistic quantum field theories. The lattice chiral symmetry of staggered fermions,
which corresponds to a translational invariance, is lost after the requirement of ultralocality of the
evolution; this fact is an instance of Meyer’s 1996 no-go lemma stating that no non-trivial one-
dimensional scalar quantum cellular automaton can be translationally invariant [1]. All results are
presented in a single-particle framework and for a (1+1)-dimensional spacetime.
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Introduction. Lattice gauge theories (LGTs) are a
framework to define and study non-perturbative quan-
tum field theory (QFT) [2]. The associated computations
being often very demanding, they are usually evaluated
via Monte-Carlo sampling, but this technique is limited
for the computationally- most-demanding questions, such
as real-time dynamics, and it suffers from the sign prob-
lem [3]. Tensor-network techniques can improve [4, 5] or
circumvent and outperform [6–8] Monte-Carlo sampling,
but one still expects at the very least a substantial speed-
up from quantum computers [9]. Now, although a fully-
fledged quantum computer is not yet to be built, vari-
ous types of quantum simulators have already provided
proofs of principle, from chemistry, to condensed matter,
to high-energy physics. Regarding the latter, a small-size
digital quantum simulator based on trapped ions was, in-
deed, recently built, which successfully reproduced pair
creation in the Schwinger model [10]. Also, several pro-
posals of analog [11–13] and digital [14] quantum simu-
lations of LGTs with cold atoms in optical lattices have
been made in the last years. The model implemented
in Martinez et al.’s experiment [10] is a unitary digiti-
zation, i.e., time discretization, via a series of quantum
gates, of a continuous-time formulation of (1+1)D lattice
quantum electrodynamics. This continuous-time model
can actually be seen as a continuous-time quantum walk
(CTQW) having multiparticle gauge interactions, with
fermionic fields on the sites of the lattice and bosonic
fields on the links. Quantum walks, be they in contin-
uous or discrete time, are models of quantum transport
on graphs, e.g. spatial lattices, which are useful both to
design quantum algorithms and for quantum simulation.
They have actually been suggested for universal quantum
computation [15].
Discrete-time quantum walks (DTQWs) are defined in
discrete time. The state of the walker at time j+1 ∈ N∗,
and position p ∈ Z, is determined solely by the state
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of the walker at time j within a certain bounded spa-
tial neighborhood around p. This defines ultralocality for
an evolution operator evolving states in discrete time.
Multiparticle DTQWs are known as quantum cellular au-
tomata (QCA) [16]. Ultralocality of the evolution, not
only spares resources, but actually preserves a fundamen-
tal property of standard relativistic QFTs in continuous
spacetime: the existence of a maximum speed, i.e., an
upper bound on the propagation speed. This feature is
at the heart of a structure theorem which proves that
any QCA can be built out of a small subfamily of QCA,
in a way which preserves spacetime neighborhoods [17].
QCA thus seem natural candidates to discretize relativis-
tic QFTs. Several results have already been obtained,
(i) in the single-particle free case [18–20], with couplings
to electromagnetic [21], non-Abelian [22] and relativistic
gravitational gauge fields [23, 24], and (ii) in the multi-
particle free case [16, 25, 26]. Some results exist in the
multiparticle interacting case [27]. Also, action principles
for QCA and their general-relativistic covariance have
been studied [27–30]. That being said, there has been
little work, even in the single-particle case, on the rela-
tionship between the well-known discretizations of QFTs
that LGTs are, and these more recent QCA discretiza-
tions.
Let us comment on what happens to the maximum
speed in LGTs. In continuous-time, i.e. Hamiltonian
LGTs, the evolution operator is not ultralocal. In-
deed, for the dynamics described by a lattice Hamilto-
nian to be non-trivial, this Hamiltonian must be non-
block-diagonal in position space, otherwise there is no
interblock dynamics; but the evolution operator corre-
sponding to a non- block-diagonal Hamiltonian is gener-
ically not ultralocal, i.e., from one instant to another,
there is always a non-zero probability to have moved ar-
bitrarily far from the starting position1. Let us now speak
1 Notice that, out of a certain light cone, i.e., for big enough dis-
tances x and small enough times t such that x > VLBt, where
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2about the discrete-time versions of LGTs. These being
formulated, for technical reasons, in Euclidean spacetime,
their unitarity is not manifest. Unitarity can be proven
in certain cases, e.g., for the (1+1)D Wilson [32] and
staggered [33] LGT models in Euclidean discrete-time,
the continuous-time version of which we start from, fur-
ther down. However, generalizing these models to higher
dimensions and number of flavors can lead to difficulties
in ensuring unitarity [34, 35], while QCA discretizations
are by construction manifestly unitary. Let us now come
back to the question of the ultralocality of the evolution.
The transfer matrices, that is, the Euclidean versions of
the evolution operators, are built by exponentiating the
terms of the spacetime-discretized action in a way which
ensures the positive definiteness of the transfer matrix,
i.e., the unitarity of the evolution. This criterion does
not forbid the exponentiation of non- block-diagonal ma-
trices, and it is no surprise that the obtained transfer
matrices, and so the associated evolution operators, are
not ultralocal. The digitization performed in Martinez
et al.’s experiment does not yield an ultralocal evolution
either. In contrast, QCA are manifestly ultralocal by
construction.
The present work is aimed at shedding light on con-
ceptual and technical relationships which exist between
LGTs and QCA discretizations of QFTs. The main result
is that DTQWs can be used to digitize fermionic models
of continuous-time LGTs, in such a way that the evolu-
tion operator is not only manifestly unitary, but also ul-
tralocal. Our discrete-time ultralocal scheme is not chiral
symmetric, neither (i) in the standard multicomponent-
wavefunction picture, nor (ii) in the staggered-fermions
picture, where the wavefunction is scalar and the chiral
symmetry corresponds to a translational invariance of the
model. While (i) could be satisfied at the price of intro-
ducing fermion doubling, which our model avoids, (ii) is
unavoidable for an ultralocal unitary evolution, in virtue
of Meyer’s 1996 no-go lemma stating that no non-trivial
one-dimensional scalar quantum cellular automaton can
be translationally invariant [1].
Left-right spatial discretization of the (1+1)D Dirac
equation: motivation, definition and properties. The
(1+1)D Dirac equation reads i∂tΨ = H0(−i∂x)Ψ, hav-
ing introduced (i) a two-component Dirac wavefunction,
Ψ(t,x) = 〈x|Ψ(t)〉 = (ψL(t,x), ψR(t,x))>, > denoting the
VLB is the Lieb-Robinson (LB) upper bound velocity on the
group velocity [31], this probability is, although generically non-
vanishing, exponentially bounded with distance, independently
of the state. This result is generic to near-neighbors Hamiltonian,
i.e., Hamiltonians with finite-support interactions and defined on
lattices, and it applies, more generally, to correlations between
any two observables separated by some distance. The LB bound
acts in practice, i.e., up to negligible errors, as a strict upper
bound, i.e. causally decorrelates distant parts of the system, since
an exponential suppression is a very strong one. However, the
LB bound is, on the contrary to the speed of light, not universal:
it depends on the considered Hamiltonian, that is, both on the
structure of the lattice and on the form of the near-neighbors
interaction.
transposition, with superscripts L and R for ‘left’ and
‘right’, explained after Eqs. (1), and (ii) the free Dirac
Hamiltonian, H0(−i∂x) = α1(−i∂x)+mα0, with mass m
and alpha matrices α0 = σ3 and α1 = σ1, where σn is
the nth Pauli matrix. We introduce a 1D spatial lattice
(xp = pa)p∈Z with lattice spacing a. The so-called naive
spatial discretization of the above Dirac equation is ob-
tained by replacing ∂x by a symmetric finite difference:
iΨ˙(t,x) = α
1[−i (Ψ(t,x+a) − Ψ(t,x−a))/(2a)] + mα0Ψ(t,x).
This way of discretizing is known to suffer from the
fermion-doubling problem [2, 36], which comes from the
use of finite differences defined over two lattice spacings
rather than a single one [2]. The mere replacement of the
symmetric finite difference by an asymmetric one breaks
the Hermiticity of the Hamiltonian, and leads to renor-
malization issues [2]. That being said, it is possible to
preserve Hermiticity while sticking to asymmetric finite
differences, by the use of, say, a left (resp. right) finite
difference for the upper (resp. lower) component of the
Dirac wavefunction. Such a discretization can be written
as i |Ψ˙(t)〉 = Hˆ |Ψ(t)〉 , where Hˆ will be called the left-right
Hamiltonian, and reads Hˆ =
∑
p Hˆp, each single-site be-
ing the sum of two terms, Hˆp = Hˆmp + Hˆtp, a mass term,
Hˆmp = mα
0 |p〉〈p| , and the announced left-right transport
term, Hˆtp = (−i/a) antidiag(|p〉〈p| − |p+ 1〉〈p| ,
|p〉〈p+ 1|−|p〉〈p|), where the first ‘coefficient’ is the upper-
right one, and |p〉 = |xp〉. Notice that Hˆ is (i) transla-
tionally invariant and (ii) of near-neighbors type. The
equations of motion induced by the left-right Hamilto-
nian read
iψ˙Lp =
−i
a
(
ψRp − ψRp−1
)
+mψLp (1a)
iψ˙Rp =
−i
a
(
ψLp+1 − ψLp
)−mψRp , (1b)
with Ψp = Ψ(xp), and where we have omitted the time
variable to lighten notations. Now, look at the first equa-
tion: ψLp is ‘fed’, i.e. ψ˙Lp is determined, by the knowledge
of ψRp , which is at the same location, and of ψRp−1, which
is on the left of ψLp , so that we may say that ψRp feeds
to the right, hence the superscript R, and similarly for L
(second equation).
As mentioned before, the left-right discretization
avoids fermion doubling. Now, there exists a well-known
solution to remove fermion doubling in naive discretiza-
tions, namely, that of Wilson [37], known as Wilson
fermions, which consists of adding, to the standard naive
discretization, a mass term of the Schrödinger type (i.e.,
a lattice Laplacian), called Wilson term. The effect of the
Wilson term on the dispersion relation is to raise the en-
ergy on the edges of the Brillouin zone in order to remove
the unwanted extra poles in the propagator, and this can
be done by a tunable amount [36]. The Hamiltonian
corresponding to this model, that we may call Wilson’s
Hamiltonian, is [36] Hˆ(r)W =
∑
p(Hˆ
(r)
W )p, with (Hˆ
(r)
W )p =
(Hˆn)p + (Hˆ
(r)
S )p, where W is for ‘Wilson’, n for ‘naive’, S
3for ‘Schrödinger’, and r ∈ R is Wilson’s parameter. The
naive Hamiltonian is given by (Hˆn)p = (Hˆmn )p + (Hˆtn)p,
where we write the mass term in a different represen-
tation from that above, (Hˆmn )p = m(−σ2) |p〉〈p| , and
where the naive transport term is given by (Hˆtn)p =−i
2aα
1
( |p〉〈p+ 1| − |p+ 1〉〈p| ). Finally, Wilson’s term is
given by (Hˆ(r)S )p = α
0 r
2a
(
2 |p〉〈p|−|p〉〈p+ 1|−|p+ 1〉〈p| ).
The choice r = 1 is the most popular one, and we will
stick to it unless otherwise mentioned. Now, it turns out
that the left-right Hamiltonian is unitarily equivalent to
Wilson’s Hamiltonian with r = 1, via a certain rotation in
the internal Hilbert space, that is, BHˆpB† = (Hˆ
(r=1)
W )p,
where the unitary matrix is B = exp(−iσ1 pi4 ). Note that,
in order to lighten the writing, we have omitted the iden-
tity tensor factor of the position Hilbert space, and will
do so from now on in similar cases.
It is well known that adding a Wilson term such as that
above breaks the axial-U(1), also called chiral symmetry,
of the naive lattice massless Dirac Hamiltonian, i.e. the
massless Hˆ(r 6=0)W does not commute with γ
5, which equals
±id/2+1γ0...γd−1 in even spacetime dimensions d, that is,
in the present case, say γ5 = +σ1, which amounts to the
exchange of the upper and lower components of the Dirac
wavefunction. The left-right Hamiltonian also breaks chi-
ral symmetry2. A well-known solution to restablish, up
to a modification of the Hilbert space, chiral symme-
try (without, of course, reintroducing the doubling prob-
lem), is to work with the so-called staggered formulation
of LGT [2, 38]. The idea is to distribute the internal
components of the Dirac wavefunction over different lat-
tice sites. Consider Eqs. (1). Take every lower compo-
nent ψRp , and shift it spatially by a/2, i.e. position it
at x = pa + a/2 (this is the only operation to be per-
formed). This induces a new lattice (xn = na/2)n∈Z of
spacing a′ = a/2 which is filled, at even sites n = 2p, with
ψe2p ≡ ψLp , and, at odd sites n = 2p+1, with ψo2p+1 ≡ ψRp .
We can thus define a single-component wavefunction
φ such that φn = ψen for n even, and ψon for n odd.
In terms of φ, Eqs. (1) can be recast as a single
equation, iφ˙n = −i2a′ (φn+1 − φn−1) + m(−1)nφn, that
is, i |φ˙〉 = Hˆstag. |φ〉 , where Hˆstag. =
∑
n(Hˆstag.)n,
with (Hˆstag.)n = (Hˆmstag.)n + (Hˆtstag.)n, (Hˆmstag.)n =
m(−1)n |n〉〈n| , (Hˆtstag.)n = −i2a′
( |n〉〈n+ 1| − |n+ 1〉〈n| ).
Now, the massless staggered Hamiltonian is invariant,
not only by two-site translations on the lattice, which
simply corresponds to the translational invariance of the
original non-staggered Hamiltonian, but also by single-
site translations on that lattice, which corresponds to
the exchange of the original upper and lower components,
that is, to the γ5 invariance of the massless continuum
Dirac Hamiltonian. This is how the staggering restab-
2 It is actually a general result, known as the Nielsen-Ninomiya
no-go theorem, that no Hamiltonian that respects the usual Her-
miticity, locality (i.e. near-neighbors structure) and translation-
invariance conditions, such as Hˆ or Hˆ(r)W , can avoid fermion dou-
bling if it does not break chiral symmetry.
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<latexit sha1_base64="MoOfNRIocH2aPInFi2tnQ1umiUQ=">AAACjnicZVFNTxsxEHUWWiD9INAjlxURUk/RblUBFwQIDhxAo lICkcg2mnVmEwuv17JnEZG1f4Ir/WP9N/WGiJIwkuWnN37jNzOplsJSFP1tBCurHz6urW80P33+8nWztbV9Y4vScOzxQhamn4JFKRT2SJDEvjYIeSrxNr0/q/O3D2isKFSXphqTHMZKZIIDeao/0Fb8vhzqYasddaJZhO9BPAdtNo/r4VZDD0YFL3NUxCVYexdHmhIHh gSXWDUHpUUN/B7GeOehghxt4h5njqtwz1OjMCuMP4rCGftW4iC3dpqn/mUONLHLuZp8ze29TXKQUowNLDioWWMzu2hrpuYmcVj6S2hack3ZYeKE0iWh4i+es1KGVIT1JMORMMhJTj0AL/d9h3wCBjj5eS9U6saJq/usy3i35+gnZvDKf38q9QRSJDeozbx6d924+t+Jy yunqqbfUby8kffg5kcnjjrxr5/tk/P5ttbZDttl31nMDtgJu2DXrMc4k+yJPbM/QSvYD46C45enQWOu+cYWIrj4B/tTzDg=</latexit><latexit sha1_base64="MoOfNRIocH2aPInFi2tnQ1umiUQ=">AAACjnicZVFNTxsxEHUWWiD9INAjlxURUk/RblUBFwQIDhxAo lICkcg2mnVmEwuv17JnEZG1f4Ir/WP9N/WGiJIwkuWnN37jNzOplsJSFP1tBCurHz6urW80P33+8nWztbV9Y4vScOzxQhamn4JFKRT2SJDEvjYIeSrxNr0/q/O3D2isKFSXphqTHMZKZIIDeao/0Fb8vhzqYasddaJZhO9BPAdtNo/r4VZDD0YFL3NUxCVYexdHmhIHh gSXWDUHpUUN/B7GeOehghxt4h5njqtwz1OjMCuMP4rCGftW4iC3dpqn/mUONLHLuZp8ze29TXKQUowNLDioWWMzu2hrpuYmcVj6S2hack3ZYeKE0iWh4i+es1KGVIT1JMORMMhJTj0AL/d9h3wCBjj5eS9U6saJq/usy3i35+gnZvDKf38q9QRSJDeozbx6d924+t+Jy yunqqbfUby8kffg5kcnjjrxr5/tk/P5ttbZDttl31nMDtgJu2DXrMc4k+yJPbM/QSvYD46C45enQWOu+cYWIrj4B/tTzDg=</latexit><latexit sha1_base64="MoOfNRIocH2aPInFi2tnQ1umiUQ=">AAACjnicZVFNTxsxEHUWWiD9INAjlxURUk/RblUBFwQIDhxAo lICkcg2mnVmEwuv17JnEZG1f4Ir/WP9N/WGiJIwkuWnN37jNzOplsJSFP1tBCurHz6urW80P33+8nWztbV9Y4vScOzxQhamn4JFKRT2SJDEvjYIeSrxNr0/q/O3D2isKFSXphqTHMZKZIIDeao/0Fb8vhzqYasddaJZhO9BPAdtNo/r4VZDD0YFL3NUxCVYexdHmhIHh gSXWDUHpUUN/B7GeOehghxt4h5njqtwz1OjMCuMP4rCGftW4iC3dpqn/mUONLHLuZp8ze29TXKQUowNLDioWWMzu2hrpuYmcVj6S2hack3ZYeKE0iWh4i+es1KGVIT1JMORMMhJTj0AL/d9h3wCBjj5eS9U6saJq/usy3i35+gnZvDKf38q9QRSJDeozbx6d924+t+Jy yunqqbfUby8kffg5kcnjjrxr5/tk/P5ttbZDttl31nMDtgJu2DXrMc4k+yJPbM/QSvYD46C45enQWOu+cYWIrj4B/tTzDg=</latexit><latexit sha1_base64="MoOfNRIocH2aPInFi2tnQ1umiUQ=">AAACjnicZVFNTxsxEHUWWiD9INAjlxURUk/RblUBFwQIDhxAo lICkcg2mnVmEwuv17JnEZG1f4Ir/WP9N/WGiJIwkuWnN37jNzOplsJSFP1tBCurHz6urW80P33+8nWztbV9Y4vScOzxQhamn4JFKRT2SJDEvjYIeSrxNr0/q/O3D2isKFSXphqTHMZKZIIDeao/0Fb8vhzqYasddaJZhO9BPAdtNo/r4VZDD0YFL3NUxCVYexdHmhIHh gSXWDUHpUUN/B7GeOehghxt4h5njqtwz1OjMCuMP4rCGftW4iC3dpqn/mUONLHLuZp8ze29TXKQUowNLDioWWMzu2hrpuYmcVj6S2hack3ZYeKE0iWh4i+es1KGVIT1JMORMMhJTj0AL/d9h3wCBjj5eS9U6saJq/usy3i35+gnZvDKf38q9QRSJDeozbx6d924+t+Jy yunqqbfUby8kffg5kcnjjrxr5/tk/P5ttbZDttl31nMDtgJu2DXrMc4k+yJPbM/QSvYD46C45enQWOu+cYWIrj4B/tTzDg=</latexit>
 Lp+1
<latexit sha1_base64="rmFfZUHi8EMPSE65EVSYYzVRoy4=">AAACknicZVFNaxsxEJW3zUfdJE3a3npZagKBgFmFQktOCcmhh xRSsJNAdmNm5VlbRKsV0mypEfs3em3/Vv9NtY5JY2dA6PFGb/RmJjdKOkqSv53oxcu19Y3NV93XW9s7b3b33l65qrYCh6JSlb3JwaGSGockSeGNsQhlrvA6vz9r89c/0DpZ6QHNDGYlTLQspAAKVJoaJ+8uRt4c8ma020v6yTzi54AvQI8t4nK01zHpuBJ1iZqEAudue WIo82BJCoVNN60dGhD3MMHbADWU6DL/c+66ifcDNY6LyoajKZ6zTyUeSudmZR5elkBTt5prycfc/tOkAKXkxMKSg5a1rnDLtuZqYTOPdbikoRXXVHzJvNSmJtTiwXNRq5iquJ1mPJYWBalZABDkoe9YTMGCoDDzpUoDnvm2z7ZMcHuOYWIWv4XvT5WZQo7k09bMo3c/4 M3/TnzZeN10w4746kaeg6ujPk/6/Pun3sn5Ylub7AP7yA4YZ5/ZCfvKLtmQCWbYL/ab/YneR8fRaXT28DTqLDTv2FJEF/8AduLNtA==</latexit><latexit sha1_base64="rmFfZUHi8EMPSE65EVSYYzVRoy4=">AAACknicZVFNaxsxEJW3zUfdJE3a3npZagKBgFmFQktOCcmhh xRSsJNAdmNm5VlbRKsV0mypEfs3em3/Vv9NtY5JY2dA6PFGb/RmJjdKOkqSv53oxcu19Y3NV93XW9s7b3b33l65qrYCh6JSlb3JwaGSGockSeGNsQhlrvA6vz9r89c/0DpZ6QHNDGYlTLQspAAKVJoaJ+8uRt4c8ma020v6yTzi54AvQI8t4nK01zHpuBJ1iZqEAudue WIo82BJCoVNN60dGhD3MMHbADWU6DL/c+66ifcDNY6LyoajKZ6zTyUeSudmZR5elkBTt5prycfc/tOkAKXkxMKSg5a1rnDLtuZqYTOPdbikoRXXVHzJvNSmJtTiwXNRq5iquJ1mPJYWBalZABDkoe9YTMGCoDDzpUoDnvm2z7ZMcHuOYWIWv4XvT5WZQo7k09bMo3c/4 M3/TnzZeN10w4746kaeg6ujPk/6/Pun3sn5Ylub7AP7yA4YZ5/ZCfvKLtmQCWbYL/ab/YneR8fRaXT28DTqLDTv2FJEF/8AduLNtA==</latexit><latexit sha1_base64="rmFfZUHi8EMPSE65EVSYYzVRoy4=">AAACknicZVFNaxsxEJW3zUfdJE3a3npZagKBgFmFQktOCcmhh xRSsJNAdmNm5VlbRKsV0mypEfs3em3/Vv9NtY5JY2dA6PFGb/RmJjdKOkqSv53oxcu19Y3NV93XW9s7b3b33l65qrYCh6JSlb3JwaGSGockSeGNsQhlrvA6vz9r89c/0DpZ6QHNDGYlTLQspAAKVJoaJ+8uRt4c8ma020v6yTzi54AvQI8t4nK01zHpuBJ1iZqEAudue WIo82BJCoVNN60dGhD3MMHbADWU6DL/c+66ifcDNY6LyoajKZ6zTyUeSudmZR5elkBTt5prycfc/tOkAKXkxMKSg5a1rnDLtuZqYTOPdbikoRXXVHzJvNSmJtTiwXNRq5iquJ1mPJYWBalZABDkoe9YTMGCoDDzpUoDnvm2z7ZMcHuOYWIWv4XvT5WZQo7k09bMo3c/4 M3/TnzZeN10w4746kaeg6ujPk/6/Pun3sn5Ylub7AP7yA4YZ5/ZCfvKLtmQCWbYL/ab/YneR8fRaXT28DTqLDTv2FJEF/8AduLNtA==</latexit><latexit sha1_base64="rmFfZUHi8EMPSE65EVSYYzVRoy4=">AAACknicZVFNaxsxEJW3zUfdJE3a3npZagKBgFmFQktOCcmhh xRSsJNAdmNm5VlbRKsV0mypEfs3em3/Vv9NtY5JY2dA6PFGb/RmJjdKOkqSv53oxcu19Y3NV93XW9s7b3b33l65qrYCh6JSlb3JwaGSGockSeGNsQhlrvA6vz9r89c/0DpZ6QHNDGYlTLQspAAKVJoaJ+8uRt4c8ma020v6yTzi54AvQI8t4nK01zHpuBJ1iZqEAudue WIo82BJCoVNN60dGhD3MMHbADWU6DL/c+66ifcDNY6LyoajKZ6zTyUeSudmZR5elkBTt5prycfc/tOkAKXkxMKSg5a1rnDLtuZqYTOPdbikoRXXVHzJvNSmJtTiwXNRq5iquJ1mPJYWBalZABDkoe9YTMGCoDDzpUoDnvm2z7ZMcHuOYWIWv4XvT5WZQo7k09bMo3c/4 M3/TnzZeN10w4746kaeg6ujPk/6/Pun3sn5Ylub7AP7yA4YZ5/ZCfvKLtmQCWbYL/ab/YneR8fRaXT28DTqLDTv2FJEF/8AduLNtA==</latexit>
 Lp 1
<latexit sha1_base64="LN3MhW91Leb84JidDMMQdqJBero=">AAACknicZVFNTxsxEHW25aMpUGh762XVCIkL0RpVasUJBIceq ESlBJDYJZp1ZhMLr9eyZ6tG1v6NXtu/1X9Tb4goCSNZfnrjN34zkxslHSXJ30704uXa+sbmq+7rre2dN7t7b69cVVuBQ1Gpyt7k4FBJjUOSpPDGWIQyV3id35+1+esfaJ2s9IBmBrMSJloWUgAFKk2Nk3cXI28OeTPa7SX9ZB7xc8AXoMcWcTna65h0XIm6RE1CgXO3P DGUebAkhcKmm9YODYh7mOBtgBpKdJn/OXfdxPuBGsdFZcPRFM/ZpxIPpXOzMg8vS6CpW8215GNu/2lSgFJyYmHJQctaV7hlW3O1sJnHOlzS0IprKr5kXmpTE2rx4LmoVUxV3E4zHkuLgtQsAAjy0HcspmBBUJj5UqUBz3zbZ1smuD3HMDGL38L3p8pMIUfyaWvm0bsf8 OZ/J75svG66YUd8dSPPwdVRnyd9/v1T7+R8sa1N9oF9ZAeMs8/shH1ll2zIBDPsF/vN/kTvo+PoNDp7eBp1Fpp3bCmii397LM22</latexit><latexit sha1_base64="LN3MhW91Leb84JidDMMQdqJBero=">AAACknicZVFNTxsxEHW25aMpUGh762XVCIkL0RpVasUJBIceq ESlBJDYJZp1ZhMLr9eyZ6tG1v6NXtu/1X9Tb4goCSNZfnrjN34zkxslHSXJ30704uXa+sbmq+7rre2dN7t7b69cVVuBQ1Gpyt7k4FBJjUOSpPDGWIQyV3id35+1+esfaJ2s9IBmBrMSJloWUgAFKk2Nk3cXI28OeTPa7SX9ZB7xc8AXoMcWcTna65h0XIm6RE1CgXO3P DGUebAkhcKmm9YODYh7mOBtgBpKdJn/OXfdxPuBGsdFZcPRFM/ZpxIPpXOzMg8vS6CpW8215GNu/2lSgFJyYmHJQctaV7hlW3O1sJnHOlzS0IprKr5kXmpTE2rx4LmoVUxV3E4zHkuLgtQsAAjy0HcspmBBUJj5UqUBz3zbZ1smuD3HMDGL38L3p8pMIUfyaWvm0bsf8 OZ/J75svG66YUd8dSPPwdVRnyd9/v1T7+R8sa1N9oF9ZAeMs8/shH1ll2zIBDPsF/vN/kTvo+PoNDp7eBp1Fpp3bCmii397LM22</latexit><latexit sha1_base64="LN3MhW91Leb84JidDMMQdqJBero=">AAACknicZVFNTxsxEHW25aMpUGh762XVCIkL0RpVasUJBIceq ESlBJDYJZp1ZhMLr9eyZ6tG1v6NXtu/1X9Tb4goCSNZfnrjN34zkxslHSXJ30704uXa+sbmq+7rre2dN7t7b69cVVuBQ1Gpyt7k4FBJjUOSpPDGWIQyV3id35+1+esfaJ2s9IBmBrMSJloWUgAFKk2Nk3cXI28OeTPa7SX9ZB7xc8AXoMcWcTna65h0XIm6RE1CgXO3P DGUebAkhcKmm9YODYh7mOBtgBpKdJn/OXfdxPuBGsdFZcPRFM/ZpxIPpXOzMg8vS6CpW8215GNu/2lSgFJyYmHJQctaV7hlW3O1sJnHOlzS0IprKr5kXmpTE2rx4LmoVUxV3E4zHkuLgtQsAAjy0HcspmBBUJj5UqUBz3zbZ1smuD3HMDGL38L3p8pMIUfyaWvm0bsf8 OZ/J75svG66YUd8dSPPwdVRnyd9/v1T7+R8sa1N9oF9ZAeMs8/shH1ll2zIBDPsF/vN/kTvo+PoNDp7eBp1Fpp3bCmii397LM22</latexit><latexit sha1_base64="LN3MhW91Leb84JidDMMQdqJBero=">AAACknicZVFNTxsxEHW25aMpUGh762XVCIkL0RpVasUJBIceq ESlBJDYJZp1ZhMLr9eyZ6tG1v6NXtu/1X9Tb4goCSNZfnrjN34zkxslHSXJ30704uXa+sbmq+7rre2dN7t7b69cVVuBQ1Gpyt7k4FBJjUOSpPDGWIQyV3id35+1+esfaJ2s9IBmBrMSJloWUgAFKk2Nk3cXI28OeTPa7SX9ZB7xc8AXoMcWcTna65h0XIm6RE1CgXO3P DGUebAkhcKmm9YODYh7mOBtgBpKdJn/OXfdxPuBGsdFZcPRFM/ZpxIPpXOzMg8vS6CpW8215GNu/2lSgFJyYmHJQctaV7hlW3O1sJnHOlzS0IprKr5kXmpTE2rx4LmoVUxV3E4zHkuLgtQsAAjy0HcspmBBUJj5UqUBz3zbZ1smuD3HMDGL38L3p8pMIUfyaWvm0bsf8 OZ/J75svG66YUd8dSPPwdVRnyd9/v1T7+R8sa1N9oF9ZAeMs8/shH1ll2zIBDPsF/vN/kTvo+PoNDp7eBp1Fpp3bCmii397LM22</latexit>
 Rp 1
<latexit sha1_base64="UtLbjzQa0LqJJU0ceoIDR2ZFJzc=">AAACknicZVFNTxsxEHW2H9D0C9reuKwaIfXSaI0qgTiB4MChl WiVABK7jWad2cTC67XsWURk7d/otfyt/pt6QwQkjGT56Y3f+M1MbpR0lCT/OtGz5y9erq2/6r5+8/bd+43ND2euqq3AoahUZS9ycKikxiFJUnhhLEKZKzzPr47a/Pk1WicrPaCZwayEiZaFFECBSlPj5O9fI2++8ma00Uv6yTzip4AvQI8t4nS02THpuBJ1iZqEAucue WIo82BJCoVNN60dGhBXMMHLADWU6DJ/M3fdxNuBGsdFZcPRFM/ZxxIPpXOzMg8vS6CpW8215H1u+3FSgFJyYmHJQctaV7hlW3O1sJnHOlzS0IprKvYyL7WpCbW481zUKqYqbqcZj6VFQWoWAAR56DsWU7AgKMx8qdKAZ77tsy0T3B5jmJjFH+H7Q2WmkCP5tDVz790Pe PPQiS8br5tu2BFf3chTcLbT50mf//zWOzhebGudbbHP7AvjbJcdsBN2yoZMMMP+sL/sNvoU7UeH0dHd06iz0HxkSxF9/w+IIs28</latexit><latexit sha1_base64="UtLbjzQa0LqJJU0ceoIDR2ZFJzc=">AAACknicZVFNTxsxEHW2H9D0C9reuKwaIfXSaI0qgTiB4MChl WiVABK7jWad2cTC67XsWURk7d/otfyt/pt6QwQkjGT56Y3f+M1MbpR0lCT/OtGz5y9erq2/6r5+8/bd+43ND2euqq3AoahUZS9ycKikxiFJUnhhLEKZKzzPr47a/Pk1WicrPaCZwayEiZaFFECBSlPj5O9fI2++8ma00Uv6yTzip4AvQI8t4nS02THpuBJ1iZqEAucue WIo82BJCoVNN60dGhBXMMHLADWU6DJ/M3fdxNuBGsdFZcPRFM/ZxxIPpXOzMg8vS6CpW8215H1u+3FSgFJyYmHJQctaV7hlW3O1sJnHOlzS0IprKvYyL7WpCbW481zUKqYqbqcZj6VFQWoWAAR56DsWU7AgKMx8qdKAZ77tsy0T3B5jmJjFH+H7Q2WmkCP5tDVz790Pe PPQiS8br5tu2BFf3chTcLbT50mf//zWOzhebGudbbHP7AvjbJcdsBN2yoZMMMP+sL/sNvoU7UeH0dHd06iz0HxkSxF9/w+IIs28</latexit><latexit sha1_base64="UtLbjzQa0LqJJU0ceoIDR2ZFJzc=">AAACknicZVFNTxsxEHW2H9D0C9reuKwaIfXSaI0qgTiB4MChl WiVABK7jWad2cTC67XsWURk7d/otfyt/pt6QwQkjGT56Y3f+M1MbpR0lCT/OtGz5y9erq2/6r5+8/bd+43ND2euqq3AoahUZS9ycKikxiFJUnhhLEKZKzzPr47a/Pk1WicrPaCZwayEiZaFFECBSlPj5O9fI2++8ma00Uv6yTzip4AvQI8t4nS02THpuBJ1iZqEAucue WIo82BJCoVNN60dGhBXMMHLADWU6DJ/M3fdxNuBGsdFZcPRFM/ZxxIPpXOzMg8vS6CpW8215H1u+3FSgFJyYmHJQctaV7hlW3O1sJnHOlzS0IprKvYyL7WpCbW481zUKqYqbqcZj6VFQWoWAAR56DsWU7AgKMx8qdKAZ77tsy0T3B5jmJjFH+H7Q2WmkCP5tDVz790Pe PPQiS8br5tu2BFf3chTcLbT50mf//zWOzhebGudbbHP7AvjbJcdsBN2yoZMMMP+sL/sNvoU7UeH0dHd06iz0HxkSxF9/w+IIs28</latexit><latexit sha1_base64="UtLbjzQa0LqJJU0ceoIDR2ZFJzc=">AAACknicZVFNTxsxEHW2H9D0C9reuKwaIfXSaI0qgTiB4MChl WiVABK7jWad2cTC67XsWURk7d/otfyt/pt6QwQkjGT56Y3f+M1MbpR0lCT/OtGz5y9erq2/6r5+8/bd+43ND2euqq3AoahUZS9ycKikxiFJUnhhLEKZKzzPr47a/Pk1WicrPaCZwayEiZaFFECBSlPj5O9fI2++8ma00Uv6yTzip4AvQI8t4nS02THpuBJ1iZqEAucue WIo82BJCoVNN60dGhBXMMHLADWU6DJ/M3fdxNuBGsdFZcPRFM/ZxxIPpXOzMg8vS6CpW8215H1u+3FSgFJyYmHJQctaV7hlW3O1sJnHOlzS0IprKvYyL7WpCbW481zUKqYqbqcZj6VFQWoWAAR56DsWU7AgKMx8qdKAZ77tsy0T3B5jmJjFH+H7Q2WmkCP5tDVz790Pe PPQiS8br5tu2BFf3chTcLbT50mf//zWOzhebGudbbHP7AvjbJcdsBN2yoZMMMP+sL/sNvoU7UeH0dHd06iz0HxkSxF9/w+IIs28</latexit>
 Rp
<latexit sha1_base64="MBzPuDYjeIvR1jYm9EAQEOI7rHE=">AAACkHicZVHBThsxEHWWQiEFSuDIZdUIqadoFyHBrURwQJUqA UoAlSzRrDObWHi9lj1bEVn7F722/9W/wRsiSsJIlp/e+I3fzKRaCktR9K8RrHxYXfu4vtH8tLm1/XmntXtji9Jw7PNCFuYuBYtSKOyTIIl32iDkqcTb9PGszt/+QmNFoXo01ZjkMFYiExzIUz8H2oqH66HT1XCnHXWiWYTvQTwHbTaPy2GroQejgpc5KuISrL2PI02JA 0OCS6yag9KiBv4IY7z3UEGONnFPM89VeOCpUZgVxh9F4Yx9K3GQWzvNU/8yB5rY5VxNvuYO3iY5SCnGBhYc1KyxmV20NVNzkzgs/SU0Lbmm7CRxQumSUPEXz1kpQyrCepbhSBjkJKcegJf7vkM+AQOc/MQXKvXixNV91mW823P0EzP4w3/flXoCKZIb1GZevbteXP3vx OWVU1XT7yhe3sh7cHPYiaNOfHXUPj2fb2ud7bMv7CuL2TE7ZRfskvUZZ4r9Zn/Y32A3OAm+Bd2Xp0FjrtljCxF8fwZsPs1K</latexit><latexit sha1_base64="MBzPuDYjeIvR1jYm9EAQEOI7rHE=">AAACkHicZVHBThsxEHWWQiEFSuDIZdUIqadoFyHBrURwQJUqA UoAlSzRrDObWHi9lj1bEVn7F722/9W/wRsiSsJIlp/e+I3fzKRaCktR9K8RrHxYXfu4vtH8tLm1/XmntXtji9Jw7PNCFuYuBYtSKOyTIIl32iDkqcTb9PGszt/+QmNFoXo01ZjkMFYiExzIUz8H2oqH66HT1XCnHXWiWYTvQTwHbTaPy2GroQejgpc5KuISrL2PI02JA 0OCS6yag9KiBv4IY7z3UEGONnFPM89VeOCpUZgVxh9F4Yx9K3GQWzvNU/8yB5rY5VxNvuYO3iY5SCnGBhYc1KyxmV20NVNzkzgs/SU0Lbmm7CRxQumSUPEXz1kpQyrCepbhSBjkJKcegJf7vkM+AQOc/MQXKvXixNV91mW823P0EzP4w3/flXoCKZIb1GZevbteXP3vx OWVU1XT7yhe3sh7cHPYiaNOfHXUPj2fb2ud7bMv7CuL2TE7ZRfskvUZZ4r9Zn/Y32A3OAm+Bd2Xp0FjrtljCxF8fwZsPs1K</latexit><latexit sha1_base64="MBzPuDYjeIvR1jYm9EAQEOI7rHE=">AAACkHicZVHBThsxEHWWQiEFSuDIZdUIqadoFyHBrURwQJUqA UoAlSzRrDObWHi9lj1bEVn7F722/9W/wRsiSsJIlp/e+I3fzKRaCktR9K8RrHxYXfu4vtH8tLm1/XmntXtji9Jw7PNCFuYuBYtSKOyTIIl32iDkqcTb9PGszt/+QmNFoXo01ZjkMFYiExzIUz8H2oqH66HT1XCnHXWiWYTvQTwHbTaPy2GroQejgpc5KuISrL2PI02JA 0OCS6yag9KiBv4IY7z3UEGONnFPM89VeOCpUZgVxh9F4Yx9K3GQWzvNU/8yB5rY5VxNvuYO3iY5SCnGBhYc1KyxmV20NVNzkzgs/SU0Lbmm7CRxQumSUPEXz1kpQyrCepbhSBjkJKcegJf7vkM+AQOc/MQXKvXixNV91mW823P0EzP4w3/flXoCKZIb1GZevbteXP3vx OWVU1XT7yhe3sh7cHPYiaNOfHXUPj2fb2ud7bMv7CuL2TE7ZRfskvUZZ4r9Zn/Y32A3OAm+Bd2Xp0FjrtljCxF8fwZsPs1K</latexit><latexit sha1_base64="MBzPuDYjeIvR1jYm9EAQEOI7rHE=">AAACkHicZVHBThsxEHWWQiEFSuDIZdUIqadoFyHBrURwQJUqA UoAlSzRrDObWHi9lj1bEVn7F722/9W/wRsiSsJIlp/e+I3fzKRaCktR9K8RrHxYXfu4vtH8tLm1/XmntXtji9Jw7PNCFuYuBYtSKOyTIIl32iDkqcTb9PGszt/+QmNFoXo01ZjkMFYiExzIUz8H2oqH66HT1XCnHXWiWYTvQTwHbTaPy2GroQejgpc5KuISrL2PI02JA 0OCS6yag9KiBv4IY7z3UEGONnFPM89VeOCpUZgVxh9F4Yx9K3GQWzvNU/8yB5rY5VxNvuYO3iY5SCnGBhYc1KyxmV20NVNzkzgs/SU0Lbmm7CRxQumSUPEXz1kpQyrCepbhSBjkJKcegJf7vkM+AQOc/MQXKvXixNV91mW823P0EzP4w3/flXoCKZIb1GZevbteXP3vx OWVU1XT7yhe3sh7cHPYiaNOfHXUPj2fb2ud7bMv7CuL2TE7ZRfskvUZZ4r9Zn/Y32A3OAm+Bd2Xp0FjrtljCxF8fwZsPs1K</latexit>
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Figure 1. Comparison between the continuous-time a) left-
right and b) staggered dynamics. The thick, solid blue (resp.
dashed red) arrows indicate how the ψRp ’s or φ2p+1’s (resp.
ψL’s or φ2p’s feed the ψLp ’s or φ2p’s (resp. ψR’s or φ2p+1’s).
The thin, light-blue arrows indicate a possible way of perform-
ing the staggering starting from the left-right discretization.
One can see graphically that the staggered scheme restablishes
chiral symmetry.
lishes a remnant3 of chiral symmetry.
To sum up, although both the left-right discretization
and the staggered one avoid fermion doubling and might
seem equivalent at first sight, in the sense that one can,
picturingly speaking, go from the left-right to the stag-
gered one by a graphical rotation of pi/2 of all column
vectors (ψLp , ψRp )>, p ∈ Z, in order to position the lower
components on different lattice sites, this graphical rota-
tion, i.e., the transformation of internal degrees of free-
dom into external ones, is actually crucial to recover a
remnant of chiral symmetry.
Ultralocal unitary digitization of the spatially-
discretized (1+1)D Dirac equation via DTQW. We are
interested in the time discretization of the continuous-
time unitary dynamics generated by the left-right
Hamiltonian, which is non- block-diagonal in position
space. Now, the naive time discretization of non-
block-diagonal lattice Hamiltonians, that is, considering
the continuous-time evolution but through a stroboscope
of period ∆t, leads to an evolution between two discrete-
time instants which is, generically, not ultralocal,
because the exponential of a non- block-diagonal Hamil-
tonian is not ultralocal. One may say, in the present
case of a near-neighbors Hamiltonian, that the naive
time discretization leads to a ‘loss of ultralocality’, in
the sense that the near-neighbors structure of the Hamil-
tonian is the most local continuous-time dynamics that
one can conceive on a lattice, which may also be seen,
in terms of the evolution operator, as an ultralocality,
but ‘at constant time’. The ultralocality of the evolution
cannot be naively ‘restored’, after time discretizing, by
truncation of the exponential series, because this breaks
unitarity. A well-known trick to ‘restore’ ultralocality in
the time discretization of a near-neighbors Hamiltonian,
is to split the Hamiltonian into block-diagonal parts, and
3 ‘Remnant’ in the sense that the symmetry is structurally differ-
ent: it is not a symmetry in an internal Hilbert space (there is
no such space anymore), but in the external one.
4then use the Trotter-Suzuki approximation to build an
appropriate ultralocal one-time-step evolution operator
[39]. Let us do so for Hˆ.
The mass term is irrelevant in this discussion, since
it can be time-discretized naively within the Trotter-
Suzuki scheme because it is diagonal in position space.
Let us focus on the transport Hamiltonian Hˆt. One
can write Hˆt = Hˆon + Hˆ int., where, for i = on, int.,
Hˆ i =
∑
p Hˆ
i
p, with the on-site and the intersite single-
site terms, respectively given by Hˆonp =
1
aσ
2 |p〉〈p| ,
and Hˆ int.p =
1
a
[ − iσ+ |p〉〈p+ 1| + H.c.], where σ+ =
(σ1 + iσ2)/2. Hˆon is manifestly block diagonal in po-
sition space. What about Hˆ int.? To visualize the sit-
uation, let us explicitly write the matrix representation
Ht of this transport Hamiltonian, Hˆt, in the LR-position
basis,
( |p〉 ⊗ |L〉 , |p〉 ⊗ |R〉 )
p∈Z. This yields, from, say,
p− 1 to p+ 1,
Ht =
−i
a

· 1 · · · ·
−1 · 1 · · ·
· −1 · 1 · ·
· · −1 · 1 ·
· · · −1 · 1
· · · · −1 ·
 . (2)
For a good visualization, we have only written a 6×6 ma-
trix, but the equality stands for the infinite-dimensional
matrix. The dots stand for zeros. The boxed 1’s and
(−1)’s correspond to Hˆon, and the others to Hˆ int.. We
notice the above-mentioned manifest block-diagonality of
Hˆon in position space. Now, what this matrix repre-
sentation ‘reveals’, is that Hˆ int. is also block-diagonal
in the full Hilbert space, obviously not in the position
basis (|p〉)p∈Z, that we shall call non-staggered position
basis, but in the complete, i.e. LR-position basis, or, via
the correspondence Lp → 2p and Rp → 2p + 1, in the
staggered position basis, (|n〉)n∈Z. Indeed, this corre-
spondence yields, not only the following identification,
Ht = Htstag., where Htstag. is the matrix representation
of the massless staggered Hamiltonian, but also that the
on-inter splitting of Hˆ is nothing but a standard even-
odd splitting of Hˆstag., similar to that performed in Ref.
[39], that is, Hon = He, and Hint. = Ho, where Hˆstag. =
Hˆe + Hˆo, with the even and odd parts respectively given
by Hˆe =
∑
p(Hˆ
t
stag.)2p and Hˆo =
∑
p(Hˆ
t
stag.)2p+1.
Let us introduce a discrete time coordinate j ∈ N,
such that Ψj,p = Ψ(tj ,xp), where tj = j∆t, and ∆t ≥ 0
is the time step. Now that we have split Ht = Htstag.
into two block-diagonal parts, we can build the desired
ultralocal time-discretized evolution from time j to time
j + 1, that we write |Ψj+1〉 = U |Ψj〉 + O(∆t) – where,
to lighten the writing, we have simply used the nota-
tion |Ψj〉 for the associated matrix representation –, by
defining U ≡ UmUt, with Ut ≡ UonUint. , where, for
i = m, on, int., Ui ≡ exp(−i∆tHi) . Note that we have
interpreted U as an evolution operator in the left-right
picture, but we can also interpret it in the staggered
picture. Now, we have seen above that both the mass
and the on-site Hamiltonians are block-diagonal in the
non-staggered position basis, so that one can perform
a block exponentiation. Since the involved blocks are
Pauli matrices, which square to the identity, their expo-
nentiation is straightforward (use, e.g., the power-series
representation of the exponential). Moreover, we have
also seen that the intersite Hamiltonian is actually the
same as the on-site one but shifted by one lattice site in
the staggered position basis. In the end, we thus obtain
Um = diag(µ, µ∗, µ, µ∗, µ, µ∗), where µ = exp(−i∆tm),
the ∗ denotes complex conjugation, and
Uon=

c −s · · · ·
s c · · · ·· · c −s · ·· · s c · ·· · · · c −s· · · · s c
, Uint.=

c · · · · ·· c −s · · ·· s c · · ·· · · c −s ·· · · s c ·· · · · · c
, (3)
where c = cos δ and s = sin δ, with δ = ∆t/a. A straight-
forward computation delivers the product
Ut =

c2 −sc s2 · · ·
sc c2 −sc · · ·· sc c2 −sc s2 ·· s2 sc c2 −sc ·· · · sc c2 −sc· · · s2 sc c2
 , (4)
which is translationally invariant in the non-staggered
position basis. The discrete-time evolution through U
reads Ψj+1,p = 〈p|U|Ψj〉, that is, explicitly,
ψLj+1,p = e
−i∆tm
(
sc ψRp−1 + c
2ψLp − sc ψRp + s2ψLp+1
)
ψRj+1,p = e
+i∆tm
(
s2ψRp−1 + sc ψ
L
p + c
2ψRp − sc ψLp+1
)
. (5)
Recall that, in the limit ∆t → 0, these equations coin-
cide with the dynamics of continuous-time LGT fermions,
which in turn coincides, in the limit of a lattice spacing
a→ 0, with standard Dirac dynamics.
The ultralocal transport evolution operator, Ut, that
we have built thanks to the even-odd splitting of the stag-
gered Hamiltonian Hstag., has ‘lost’ the single-site trans-
lation invariance ofHstag.. This is the price to pay for this
even-odd digitization, which renders the discrete-time
scheme ultralocal: indeed, Meyer’s 1996 no-go lemma
states that no non-trivial one-dimensional scalar ultralo-
cal unitary evolution, that is, quantum cellular automa-
ton, can be translationally invariant [1]. Hence, there is
no more remnant of chiral symmetry in Ut. This makes
the left-right picture more relevant than the staggered
one in a discrete-time framework, since the translational
invariance is only realized in the former. Let us now state
one of the main points of the present work. It turns out
that the left-right- picture Ut in Eq. (4) can be written
as a DTQW of the type introduced by Strauch to estab-
lish a connection between DTQWs and continuous-time
quantum walks [40], namely,
Ut = C(−θ)SRk C(θ)SLk , (6)
where we have introduced (i) a coin operation C(θ) =
exp(−iσ2θ/2), where θ = pi − 2δ, and (ii) left and right
internal-state- dependent shifts, SLk = diag(e
ik, 1) and
SRk = diag(1, e
−ik), where k is the quasimomentum op-
erator associated to the matrix representation of the po-
sition basis (|p〉)p∈Z. Note that Ut is invariant under
5the exchange of SRk and S
L
k , i.e. U
t = C(−θ)SLkC(θ)SRk ,
which simply indicates that at each time step, one can
first shift either the left movers or the right movers.
In the Supplemental Material, we extend our time-
discretization method to Wilson’s Hamiltonian in the
original internal-space representation, which allows for
any choice of Wilson’s parameter, r. We also U(1)-gauge
our DTQWs; the lattice gauge transformations involve,
notably, the standard finite differences used in LGT, in-
stead of the more complicated ones used in Ref. [21].
We suggest a gauge-invariant quantity on the spacetime
lattice and a classical on-shell dynamics (Maxwell’s equa-
tions) for it, more appropriate than that of Ref. [21].
Conclusion and perspectives. Enforcing the ultralo-
cality of the evolution operator leads to a loss of the
staggered-model chiral symmetry, and this is unavoid-
able in virtue of Meyer’s 1996 no-go lemma stating that
no non-trivial one-dimensional scalar quantum cellular
automaton can be translationally invariant. Sharatchan-
dra et al.’s staggered discrete-time scheme is (unitary
and) chiral in the staggered sense, i.e. translationally
invariant, but not ultralocal [33], while our discrete-time
scheme is (unitary and) ultralocal, but not translation-
ally invariant. Can one find a DTQW i.e. an ultralocal
discrete-time evolution, in 1+d dimensions with d ≥ 3
(in d = 2 there is no notion of chirality), (i) having stag-
gered fermions as a continuous-time limit, and (ii) which
preserves, in discrete time, the lattice chiral symmetry of
staggered fermions?
Our discrete-time scheme is ultralocal, so that it shares
with continuum QFTs the property that the particle’s
speed is upper bounded. However, we can only re-
cover the appropriate continuum-limit equations by first
performing a continuous-time limit, which is a non-
relativistic limit in which the speed of light goes to in-
finity. In other words, setting ∆x/∆t = c, a constant,
makes it impossible to derive either a continuous-time
limit or a continuous-spacetime one. This forbids the
straightforward identification of the maximum speed of
the discrete-time model as a discrete-time counterpart of
the speed of light of the Dirac equation in the contin-
uum, a question we hope to solve in future work. Recall,
indeed, that this difficulty contrasts with the standard
DTQW-discretized Dirac equation, in which the discrete-
spacetime counterpart of the continuum speed of light is
precisely simply the ratio ∆x/∆t, which can be set con-
stant without forbidding the continuous-spacetime limit
to be performed.
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7Supplemental Material
about
Discrete-time quantum walks as fermions of lattice gauge theory
This Supplemental Material contains, most notably, the following appendices. In Apps. A and B we show, respectively, that
(i) the naive spatial discretization of the (1+1)D Dirac equation and (ii) the standard additional Wilson term can also be
digitized unitarily and ultralocally with DTQWs, via (i) the same method or (ii) a very similar one, respectively. In App. C, we
give the precise link between the DTQWs introduced in the present work and Strauch’s original one. In App. D, we perform
the standard even-odd, non- DTQW-based digitization of the (1+1)D Dirac equation, and show that it is unitarily mapped to
the DTQW-based one, but that this mapping is not of near-neighbors type, i.e. it has matrix elements arbitrarily far from the
diagonal. This implies, in particular, that it is quadratically costly, in the number of sites of the 1D spatial lattice, to go from
the non- DTQW-based digitization to the DTQW-based one (or vice versa) – while this would be linearly costly if the mapping
was of near-neighbors type. In App. E, we show how to include a U(1) gauge-field coupling in our scheme, Eq. (6) of the paper,
which gives back the known models of Hamiltonian LGT and continuum field theory when taking, respectively, the continuous-
time limit and an additional continuous-space limit. This U(1)-gauged scheme is gauge invariant on the spacetime lattice, and
the gauge transformations involve, notably, the standard finite differences used in LGT, instead of the more complicated ones
used in Ref. [21]. We suggest a gauge-invariant quantity on the spacetime lattice and a classical on-shell dynamics (Maxwell’s
equations) for it, more appropriate than that of Ref. [21].
Note before reading
The reader may have noticed that in the main text, we
have essentially reserved the notion of ‘ultralocality’ to
evolution operators. We did so in order to avoid confu-
sions. However, this notion can be used in an abstract,
mathematical sense, for an arbitrary operator. Indeed,
given an operator acting on wavefunctions defined on a
1D spatial lattice (e.g., a Hamiltonian or an evolution
operator), that is, in practice, a large matrix in the po-
sition basis, we qualify it as ‘ultralocal’ if its matrix ele-
ments strictly vanish above a certain distance Dloc. from
the diagonal1. Notice that the terminology ‘ultralocal’ is
equivalent to ‘near-neighbors’. Notice also that the phys-
ical meaning of the ultralocality depends a priori on the
type of operator which is qualified as ultralocal.
Before reading App. B, we recommend reading at least
Apps. D 1 and D2.
Appendix A: Unitary and ultralocal digitization of
naive fermions with DTQWs
This digitization is simply based on the following de-
composition of the naive transport term into the sum,
Htn =
1
2
[
(Ht)′ +Ht
]
, (A1)
1 We use the word ‘ultralocal’ rather than ‘local’ in order to indi-
cate that we exclude ‘interactions’ (the physical content of this
word depends on the type of operator) that, e.g., decrease expo-
nentially with the distance, which are also referred to as local in
certain contexts [39]. We stress that this is intended to mean,
not that the results presented here cannot be extended to non-
ultralocal interactions, but merely that we have not considered
this situation. Note the following: here, we work with an infinite
number of spatial-lattice sites; in practice, this number is finite,
and can vary depending on our amount of resources; by defini-
tion of the notion of ultralocality, the ultralocality distance Dloc.
does not grow with the number of sites.
of the left-right transport term, Ht, already introduced
in the main text, and of a right-left one,
(Ht)′ =
∑
p
(Htp)
′ , (A2)
with
(Htp)
′ =
−i
a
[
0 |p〉〈p+ 1| − |p〉〈p|
|p〉〈p| − |p+ 1〉〈p| 0
]
.
(A3)
We have straightforwardly that
(Htp)
′ = (Htp)
♦ ≡ σ1Htp σ1 . (A4)
The operation ♦ thus corresponds to the exchange of
the up and down components of the Dirac wavefunction,
which is by the way the action of γ5 here. Now, it is easy
to check (i) that (Honp )♦ is, as Honp , block-diagonal in the
non-staggered position basis, so that so is its exponen-
tial, but (ii) that (H int.p )♦ is, on the contrary to H int.p ,
not block-diagonal in the staggered position basis. How-
ever, it is straightforward to compute the exponential of
some operator O♦ if we know the exponential of O, since
using the power-series representation of the exponential
together with the fact that (σ1)2 = 1 immediately gives
eO
♦
= σ1eOσ1 ≡ (eO)♦ , (A5)
i.e. the operation ♦ commutes with the exponentiation.
Applying this to O = −i∆tH int. first shows, without
needing to explicitate the computation, that, because
the evolution operator asociated to H int. is ultralocal,
then so is that associated to (H int.)♦, which is in the end
enough for our purpose. We can thus define an appropri-
ate ultralocal evolution operator associated to (Ht)♦/2,
by (pay attention to the order)
(Ut2a)
′ ≡ (Uint.2a )′(Uon2a)′ , (A6)
8where, for i = on, int., we have defined
(Ui2a)
′ ≡ e−i∆t(Hi)♦/2 =
(
e−i∆tH
i/2
)♦
≡ (Ui2a)♦ ,
(A7)
where the Uia’s are exactly the operators that have been
introduced in the main text but without indicating the
subscript a. We immediately obtain
(Ut2a)
′ = (Ut2a)
♦ , (A8)
where, again, Uta is exactly the operator that has been
introduced in the main text but without indicating the
subscript a. Applying the operation ♦ to Eq. (4) consid-
ered for 2a instead of a results in
(Ut2a)
′ =

c˜2 s˜c˜ s˜2 −s˜c˜ · ·
−s˜c˜ c˜2 · · · ·
· · c˜2 s˜c˜ s˜2 −s˜c˜
s˜c˜ s˜2 −s˜c˜ c˜2 · ·
· · · · c˜2 s˜c˜
· · s˜c˜ s˜2 −s˜c˜ c˜2
 ,
(A9)
where
c˜ = cos δ˜ , s˜ = sin δ˜ , (A10)
with
δ˜ =
δ
2
. (A11)
Now, this (Ut2a)′ can be written as the following DTQW,
(Ut2a)
′ = SRk C(−θ˜)SLkC(θ˜) , (A12)
where
θ˜ = pi − 2δ˜ . (A13)
Finally, we define an appropriate ultralocal evolution op-
erator for the naive transport Hamiltonian, by (pay at-
tention to the order)
Utn ≡ (Ut2a)′Ut2a , (A14)
that is,
Utn =
[
SRk C(−θ˜)SLkC(θ˜)
][
C(−θ˜)SRk C(θ˜)SLk
]
, (A15)
which simplifies into
Utn = S
R
k C(−θ˜)SkC(θ˜)Sk(SRk )−1 , (A16)
where
Sk = S
L
kS
R
k =
[
eik 0
0 e−ik
]
. (A17)
Of course, we can also implement a mass term by defin-
ing
Un ≡ UmnUtn , (A18)
where
Umn ≡ exp
[
−i∆t
∑
p
mα0n|p〉〈p|
]
, (A19)
and α0n is any two by two matrix compatible, in the sense
of the Clifford algebra, with the choice α1 = σ1 made for
the naive transport term, for example any Pauli matrix
but σ1.
In App. F, we briefly comment on how the terms of
the continuous-time naive LGT Dirac dynamics, which
exhibit no trace of lattice-chiral transport2, are imple-
mented by the DTQW-based digitization described in the
present appendix.
Appendix B: DTQW-based digitization of the
continuous-time Wilson term
The Wilson term, introduced in the main text, can
be viewed as the sum of two terms: a first (resp. sec-
ond) term which, in position space, is diagonal (resp. of
nearest-neighbors type, and so not ‘even’ block-diagonal),
(H
(r)
d. )p = α
0 r
2a
(
2 |p〉〈p| ) (B1a)
(H(r)n.n.)p = −α0
r
2a
( |p〉〈p+ 1|+ |p+ 1〉〈p| ) , (B1b)
where ‘d.’ (resp. ‘n.n.’) stands for ‘diagonal’ (resp. ‘near-
est neighbors’). The diagonal term is, as before, irrele-
vant in the following, since its exponential is ultralocal.
We want to build an ultralocal evolution operator
for the nearest-neighbors term. Can we proceed for
this term, H(r)n.n., as we did in App. A for the naively-
discretized free Dirac Hamiltonian, Htn, i.e. build the de-
sired ultralocal evolution operator via a splitting of H(r)n.n.
into the sum of similar left-right and right-left terms?
No, and this because of two different reasons: first, Htn
is a transport term, which is traced by the minus sign
in |p〉〈p+ 1| − |p+ 1〉〈p|, while H(r)n.n. is, in the contin-
uum, a mass term, which is traced by the plus sign in
|p〉〈p+ 1|+ |p+ 1〉〈p|; second, even if we had a transport
term, with a minus sign, instead of a ‘mass term’, with
a plus sign, the choice α0 = σ3 in H(r)n.n. is not suitable
for the abovementioned splitting, i.e. what would be α1
(and not α0) if we had a transport term instead of a ‘mass
term’, should be antidiagonal, e.g. σ1 or σ2.
That being said, H(r)n.n. is still ultralocal, and with an
ultralocality radius of 1 lattice spacing, so one can still
2 Chiral transport is a type of transport which has some chirality
feature, i.e. which somehow makes the internal components of the
wavefunction move in opposite directions, typically, by choosing
the appropriate internal- Hilbert-space basis. We call lattice-
chiral transport a type of transport which has some chirality
feature in addition to that already coming from the continuous-
space limit, that is, a chirality feature in the way one performs
the spatial discretization.
9digitize it via a standard even-odd splitting, such as that
performed for Htn in App. D. Now, if, instead of per-
forming this even-odd digitization directly on H(r)n.n., we
first express the latter with the Pauli matrix σ1, which
appears in Htn, thanks to the relation
σ3 = Gσ1G−1 , (B2)
where
G = eiσ
2pi/4 =
1√
2
[
1 1
−1 1
]
, (B3)
we naturally end up with an even-odd digitization of
H
(r)
n.n., that we denote by U
(r)
e.o., which, up to a unitarity
equivalence induced by Eq. (B2), (i) is similar to that,
Ute.o., of Htn, and (ii) enables to infer a DTQW-based
digitization, denoted by U(r)w (the ‘w’ is for ‘walk’), via
the same transformation as that relating Ute.o. to Utn, see
Eq. (D12).
The computations are equivalent to replacing a
(position-space) σ2 appearing in Htn by a −rσ1, which
appears in H(r)n.n.3, and U
(r)
w is thus naturally defined by
the following counterpart to Eq. (D12),
U
(r)
e.o. = G

c2r · · isrcr −s2r · · · · · · ·
· c2r isrcr · · −s2r · · · · · ·
· isrcr c2r · · isrcr −s2 · · · · ·
isrcr · · c2r isrcr · · · · · · ·
· · · isrcr c2r · · isrcr −s2r · · ·
· −s2r isrcr · · c2r isrcr · · −s2r · ·
· · −s2r · · isrcr c2r · · isrcr −s2r ·
· · · −s2r isrcr · · c2r isrcr · · ·
· · · · · · · isrcr c2r · · isrcr
· · · · · −s2r isrcr · · c2r isrcr ·
· · · · · · −s2r · · isrcr c2r ·
· · · · · · · −s2r isrcr · · c2r

G−1 = U(r)w , (B4)
with
cr = cos δ˜r , sr = sin δ˜r , (B5)
where
δ˜r = rδ˜ , (B6)
and δ˜ is given by Eq. (A11).
Now, as announced, G−1U(r)w G can be written as
DTQW similar to Utn in Eq. (A16), namely,
G−1U(r)w G = S
R
kK(θ˜r)SkK(θ˜r)Sk(S
R
k )
−1 , (B7)
where K(θ) is given by Eq. (C2), and
θ˜r = pi − 2δ˜r . (B8)
One can prove that U(r)w and U
(r)
e.o. are unitarily equiva-
lent, going through the same steps as those followed to
show that Utn and Ute.o. are unitarily equivalent, in App.
D 3.
Appendix C: Link with Strauch’s connection
between DTQWs and CTQWs
All the θ’s appearing in this appendix stand for θ˜’s,
where θ˜ is given by Eq. (A13); we omit the tilde to make
the reading more pleasant.
3 Indeed, replace −i( |p〉〈p+ 1| − |p+ 1〉〈p| ) by −r( |p〉〈p+ 1| +
|p+ 1〉〈p| ).
The DTQW operator appearing in Strauch’s work [40],
that we shall call Strauch’s operator, and with which he
derived a connection between DTQWs and CTQWs, is
the following,
OStrauch ≡ S˘kK(θ)S˘kK(θ) , (C1)
with
K(θ) = iC˘(θ) , (C2)
and
S˘k = S
−1
k (C3a)
C˘(θ) = e−iσ
1θ/2 , (C3b)
where Sk is given by Eq. (A17). Note that we can write
OStrauch = −S˘kC˘(θ)S˘kC˘(θ) . (C4)
This operator is nothing but an elementary DTQW op-
erator, S˘kK(θ), applied twice.
Now, in order to make a connection with the DTQW
operators appearing in the present work, and, more pre-
cisely, with Utn, Eq. (A16), one must notice the following
unitarity equivalence,
S˘k = PSkP
−1 (C5a)
C˘(θ) = PC(θ)P−1 , (C5b)
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where C(θ) = e−iσ
2θ/2, and the passage matrix is
P = i
[
0 e−ipi/4
eipi/4 0
]
=
[
0 eipi/4
−e−ipi/4 0
]
. (C6)
With this, and using for Utn, Eq. (A16), the notation
Utn = U
t
n(θ, θ) , (C7)
one can easily write
OStrauch = −PSLk Utn(−θ, θ) (PSLk )−1 , (C8)
This shows that OStrauch and −Utn(−θ, θ) are unitarily
equivalent. Now, that OStrauch has a continuous-time
limit implies that in the limit of a vanishing time step
∆t = 0, it equals the identity, which is manifestly not
unitarily equivalent to −OStrauch. Hence, this holds for
an arbitrary time step ∆t, i.e. −OStrauch is not unitarily
equivalent to OStrauch, and is thus not unitarily equiva-
lent to Utn(−θ, θ), since the latter is unitarily equivalent
to −OStrauch.
Taking the limit θ → pi makes Strauch’s scheme coin-
cide with a standard CTQW on the line, instead of the
previously well-known limit θ → 0, associated to a con-
tinuum limit in both time and space, which delivers the
Dirac equation with σ3 as the first alpha matrix. In the
present work, we use Utn(θ, θ) instead of Utn(−θ, θ): this
is necessary to be able to derive a continuous-space limit
after the continuous-time one, which, as with θ → 0,
makes the scheme coincide with the Dirac equation, but
in a different Clifford-algebra representation, with σ1 as
the first alpha matrix.
Note that Strauch’s proof for the connection between
DTQWs and CTQWs already introduces the fact that one
applies twice the shift and coin operations: this appears
to be a necessary ingredient to derive a continuous-time
limit from a standard DTQW in Strauch’s (and hence in
the present) framework. Indeed, Strauch’s procedure to
take the continuous-time limit can be viewed as a (time-
)continuum limit in the fashion of Ref. [41], i.e. a (time-
)continuum limit performed with a stroboscope of period
2. This comes from the following technical analogy be-
tween Strauch’s time-continuum limit and the spacetime-
continum limit of Ref. [41]: in Ref. [41], increasing the
stroboscope period from 1 to 2 enables to release the con-
straint on the zeroth-order value of the mixing angle, i.e.
no need for it to be homogeneous in spacetime anymore,
for the continuum limit to exist; in Strauch’s (and hence
in the present) work, this procedure enables to release the
constraint on the spatial smoothness of the lattice wave-
function, i.e. no need to take a continuous-space limit as
we take a continuous-time limit.
Appendix D: A non- DTQW-based digitization of
continuous-time naive fermions
All the θ’s appearing in this appendix stand for θ˜’s,
where θ˜ is given by Eq. (A13); we omit the tilde to make
the reading more pleasant, and this also enables us to
use the tilde for another purpose, namely, to denote the
Fourier transform.
1. Presentation
The non- DTQW-based digitization is the standard
even-odd straightforward (one could say ‘naive’) one: the
naive transport lattice Hamiltonian is split into even and
odd parts,
Htn = H
e
e.o. +H
o
e.o. , (D1)
where ‘e.o.’ is for ‘even-odd’, that is, it indicates that the
digitization is non- DTQW-based, and where
Hee.o =
∑
l
(Htn)2l (D2a)
Hoe.o. =
∑
l
(Htn)2l+1 , (D2b)
which are block-diagonal in the position basis, so that so
are their exponentials, which is the trick used to preserve
ultralocality in the time discretization.
The Trotter formula enables to write the evolution
from time j to time j + 1 as (we now work with ma-
trix representations, but use, for state vectors, the same
braket notation)
|Φj+1〉 = Ue.o.|Φj〉+O(∆t) , (D3)
where, instead of the DTQW-based digitization, Eq.
(A18), we here consider
Ue.o. = U
m
nU
t
e.o. , (D4)
with
Ute.o. = U
e
e.o.U
o
e.o. (D5)
and
Ue/oe.o. = e
−i∆tHe/oe.o. , (D6)
and where the mass term is still given by Eq. (A19). After
a computation analog to that performed in the paper, we
end up with
Uee.o. =

c −σ1s · · · ·
σ1s c · · · ·
· · c −σ1s · ·
· · σ1s c · ·
· · · · c −σ1s
· · · · σ1s c

(D7a)
Uoe.o. =

c · · · · ·
· c −σ1s · · ·
· σ1s c · · ·
· · · c −σ1s ·
· · · σ1s c ·
· · · · · c
 ,
(D7b)
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where, for a good visibility, we have written 6×6 matrices
(of 2× 2 matrices) in the (non-staggered) position basis,
(|p〉)p∈Z, i.e. 12 × 12 matrices in the staggered position
basis, (|n〉)n∈Z, that is, as big as that of Eq. (B4). The
product reads
Ute.o. =

c2 −σ1sc s2 · · ·
σ1sc c2 −σ1sc · · ·
· σ1sc c2 −σ1sc s2 ·
· s2 σ1sc c2 −σ1sc ·
· · · σ1sc c2 −σ1sc
· · · s2 σ1sc c2
 ,
(D8)
which is translationally invariant only every two sites of
the (non-staggered) position basis.
2. First comparisons with the DTQW-based
digitization
Let us compare the non- DTQW-based digitization,
Ute.o., given by Eq. (D8), to the DTQW-based, Utn (we
recall that the ‘n’ is for ‘naive’), given by Eq. (A16).
a. First comment, on the compact writings
From now on, we will often consider the infinite-
dimensional matrices as linear operators acting on the
wavefunction Ψj : p 7→ Ψj,p, rather than on the infinite
column vector |Ψj), and will use, instead of the nota-
tion |Φj+1〉 = Ue.o.|Φj〉 + O(∆t), the writing Ψj+1,p =
(UΨj)p +O(∆t), without changing the notation U used
for the infinite-dimensional matrix – the context should
make it clear whether the distinction matters or not.
The one- time-step evolution equations induced by
Ue.o. and Un respectively read:
Φj+1,p = (Ue.o.Φj)p (D9a)
= M
[
c2Φj,p − σ1sc (Φj,p+1 − Φj,p−1) + s2Φj,p+2(−1)p
]
,
Ψj+1,p = (UnΨj)p (D9b)
= M
[
c2Ψj,p − σ1sc (Ψj,p+1 −Ψj,p−1) + s2
(
S2kΨj
)
p
]
,
with
M =
[
µ 0
0 µ∗
]
, (D10)
and where we recall that Sk is an internal-state-
dependent shift, given by Eq. (A17).
Now, we have
c = 1 +O(∆t2)
s = O(∆t) , (D11)
so that the s2 term of Eqs. (D9a) and (D9b) vanishes in
the continuous-time limit. One could multiply s2 by any
factor as long as the evolution remains unitary and ul-
tralocal, which are the main requirements in the present
work; Eqs (D9a) and (D9b) are two such possibilities.
One may say that, in order for the ultralocal scheme to
be unitary, (i) the non- DTQW-based digitization uses
as a factor of s2 a position-dependent shift, and more
precisely a site-parity- dependent shift, while (ii) the
DTQW-based digitization uses an internal-state depen-
dent shift. In App. G, we show that the even-odd scheme
can actually be seen as a staggered version of a scheme
which is DTQW-based, not with the LR coin basis, but
with an even-odd coin basis that one can introduce.
b. A more detailed comparison
We have, in the staggered position basis,
Ute.o. =

c2 · · −sc s2 · · · · · · ·
· c2 −sc · · s2 · · · · · ·
· sc c2 · · −sc s2 · · · · ·
sc · · c2 −sc · · · · · · ·
· · · sc c2 · · −sc s2 · · ·
· s2 sc · · c2 −sc · · s2 · ·
· · s2 · · sc c2 · · −sc s2 ·
· · · s2 sc · · c2 −sc · · ·
· · · · · · · sc c2 · · −sc
· · · · · s2 sc · · c2 −sc ·
· · · · · · s2 · · sc c2 ·
· · · · · · · s2 sc · · c2

= Utn , (D12)
with the following color code: all the matrix elements of
Ute.o. are in black (the blue s2’s must be replaced by ze-
ros), while those of Utn are those in black, omitting those
in blue boxes, which must replaced by zeros, and adding
those in blue (which were zeros in Ute.o.). Going from
Ute.o. to Utn restores translational invariance (recall that
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Ute.o. is translationally invariant only every two sites).
Now,Ute.o. andUtn are two infinite-dimensional unitary
matrices. Since the usual finite-dimensional- case spec-
tral theorem can be extended to the infinite-dimensional
case for unitary operators, both Ute.o. and Utn are diag-
onalizable. Hence, a necessary and sufficient condition
for them to be unitarily equivalent, is that they have the
same eigenvalues. The answer, positive, is easily given by
a formal computation software: the 12×12 sub-blocks of
Ute.o. andUtn given by Eq. (D12), have the same eigenval-
ues; one then concludes invoking the common every-two-
sites translational invariance of both infinite-dimensional
matrices. In the next section, we make use of this every-
two-site translational invariance to show explicitly, by
going to Fourier space, that Ut and Wt are unitarily
equivalent.
3. Mapping between the DTQW-based and the
non- DTQW-based digitizations
a. In Fourier space
Utn is translationally invariant on the lattice {xp =
pa, p ∈ Z}, but Ute.o. only every two lattice sites, so we
compare both evolutions by combining two consecutive
lattice sites in the following way. Consider from now on
that p = 2l. We define a Fourier transform every two
sites,
χ˜(K) =
∑
l∈Z
χl e
−iKl , (D13)
where we have used the notationK = 2k, and k ∈ [−pi, pi[
is the wavevector. We have, see Eq. (D9a) with m = 0,
(
Ut
(2)
e.o. Φ
(2)
)
l
=
[
c2ΦEl − σ1sc
(
ΦOl − ΦOl−1
)
+ s2ΦEl+1
c2ΦOl − σ1sc
(
ΦEl+1 − ΦEl
)
+ s2ΦOl−1
]
,
(D14)
where Ut(2)e.o. is the redefinition of Ute.o. (viewed as an
operator and not a matrix) as acting on
Φ(2) : l 7→ Φ(2)l =
[
Φ2l
Φ2l+1
]
=
[
ΦEl
ΦOl
]
, (D15)
so that, expanded in the internal-Hilbert-space basis,
the Fourier representation U (2) of Ut(2)e.o. is a 4×4 matrix-
multiplication operator, i.e. acting as(
U (2)Φ˜(2)
)
(K)
= U (2)(K)Φ˜(2)(K) , (D16)
with components
U (2)(K) =

c2 + s2eiK · · −sc(1− e−iK)
· c2 + s2eiK −sc(1− e−iK) ·
· −sc(eiK − 1) c2 + s2e−iK ·
−sc(eiK − 1) · · c2 + s2e−iK
 . (D17)
The corresponding matrix for Utn is (see Eq. (5))
W(2)(K) =

c2 + s2eiK · · −sc(1− e−iK)
· c2 + s2e−iK −sc(1− e−iK) ·
· −sc(eiK − 1) c2 + s2eiK ·
−sc(eiK − 1) · · c2 + s2e−iK
 , (D18)
where the ‘W’ stands for ‘walk’ (we could have used the
notation ‘Wn’ instead of ‘Un’, since it is the DTQW-
based digitization).
U (2)(K) and W(2)(K) are two 4 × 4 unitary matrices. They
are equal in the 2 × 2 subspace formed by the first and
last columns and rows. It is thus enough to focus on
the complementary subspace, formed by the second and
third columns and rows,
Π
(U (2)(K)) = [ c2 + s2eiK −sc(1− e−iK)−sc(eiK − 1) c2 + s2e−iK
]
(D19a)
Π
(W(2)(K)) = [ c2 + s2e−iK −sc(1− e−iK)−sc(eiK − 1) c2 + s2eiK
]
. (D19b)
The above two matrices are unitary and thus diagonaliz-
able (as well as the original 4×4 ones). It turns out that
they have the same eigenvalues (and hence the original
4× 4 ones as well). Hence, U (2)(K) and W(2)(K) are unitarily
equivalent, i.e. there exist B(K) unitary such that
B(K)U (2)(K)B−1(K) =W(2)(K), (D20)
and B(K) is explicitly given, for example, by
B(K) = Q(K)P−1(K) , (D21)
where P(K) (resp. Q(K)) is the matrix whose (i) first and
last columns and rows are those of U (2)(K) (resp.W(2)(K)), and
(ii) second and third columns and rows are formed by
13
the normalized eigenvectors Π
(U (2)(K)) (resp. Π(W(2)(K))).
In particular, P(K) (resp. Q(K)) is thus unitary.
b. In real space
Given our definition of the Fourier transform, Eq.
(D13), we have
Ψ
(2)
l =
1
2pi
∫ pi
−pi
dkΨ˜
(2)
(K)e
iKl , (D22)
so that
Ψ
(2)
l =
1
2pi
∫ pi
−pi
dkB(K)Φ˜(2)(K)eiKl (D23a)
=
1
2pi
∫ pi
−pi
dkB(K)
(∑
l′∈Z
Φ
(2)
l′ e
−iKl′
)
eiKl , (D23b)
that is,
Ψ
(2)
l =
∑
l′∈Z
Bll′Φ
(2)
l′ , (D24)
with
Bll′ = bl−l′ =
1
2pi
∫ pi
−pi
dkB(K)eiK(l−l
′) , (D25)
which is, as B(K), a 4× 4 matrix, with coefficients
Buvll′ = b
uv
l−l′ =
1
2pi
∫ pi
−pi
dkBuv(K)eiK(l−l
′) . (D26)
We wonder whether the mapping B is ultralocal, i.e.,
whether its coefficients Bll′ = bl−l′ vanish when we
are sufficiently far from the diagonal, i.e. for |l − l′| big
enough.
Since bl−l′ is a 4×4 matrix, it is convenient to reformu-
late the question as whether there is at least one of its co-
efficients buvl−l′ which do not vanish for |l− l′| big enough,
i.e. whether there is at least one of the buv : N 7→ buvN
of Z → C which has not a finite support on Z. Now,
inverting Eq. (D26) yields
Buv(K) =
∑
N ′∈Z
buvN ′e
−iKN ′ , (D27)
so that buv has a finite support on Z if and only the
above sum involves a finite number of terms.
Because of what we said in the last paragraph of Sec.
D 3 a, we know a priori that B(K), which is unitary and
defined in Eq. (D21), has the following form,
B(K) =
1 · · ·· ∗ ∗ ·· ∗ ∗ ·
· · · 1
 , (D28)
where the four asterisks stand for
Π
(B(K)) =
[
a(K) b(K)
−eiϕb∗(K) eiϕa∗(K)
]
, (D29)
which we know can be written has a generic 2×2 unitary
matrix, and determined pedestrianly, i.e. via the product
Π
(B(K)) = S(K)R−1(K) , (D30)
where R(K) (resp. S(K)) is the matrix whose columns are
formed by the normalized eigenvectors of Π
(U (2)(K)) (resp.
Π
(W(2)(K))). After some simplifications, we find
ϕ = 0 (D31a)
a(K) = 2F (D31b)
b(K) = F
(
tan(δ˜)(1 + e−iK)
)
, (D31c)
where
F =
1
2
(1 +X)−
1
2 , (D32)
and
X =
tan2(δ˜)
4
(
2 + eiK + e−iK
)
. (D33)
Now, it is manifest from the following writing of B(K),
B(K) = F

1
F
· · ·
· 2 tan(δ˜)(1 + e−iK) ·
· − tan(δ˜)(1 + eiK) 2 ·
· · · 1
F
 ,
(D34)
that the latter will be a generalized (negative powers
allowed) polynomial of eiK , i.e. of the form of Eq. (D27)
with a sum involving a finite number of terms, if and only
if F is also one. Since |X| < 1, we have, for any ω ∈ R,
(1 +X)ω =
+∞∑
n=0
(
1
n!
n−1∏
k=0
(ω − k)
)
Xn . (D35)
Applying this formula for ω = −1/2 shows that F is
not reducible to a (generalized) polynomial, i.e. it is an
integer series of X involving an infinite number of terms,
and so the mapping between the non- DTQW-based and
the DTQW-based discretizations is not ultralocal.
Appendix E: Towards U(1) lattice gauge theory with
DTQWs.
1. Left-right scheme
We now work with the abstract position basis, (|p〉)p∈Z.
Instead of the evolution operator given by Eqs. (6), con-
sider now
Uˆg;t = e−iαˆjC(−θ)SR
kˆ
SR
ϑˆj
C(θ)SL
ϑˆj
SL
kˆ
, (E1)
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where ‘g’ is for ‘gauged’, and αˆj and ϑˆj are opera-
tors which are diagonal in the position basis, that is,
αˆj |p〉 = αj,p |p〉 ≡ ∆t qA0j,p |p〉 , and ϑˆj |p〉 = ϑj,p |p〉 ≡
−a qA1j+1,p |p〉 , with real-valued eigenvalues. In the
continuum-spacetime limit, one gets the Dirac equation
with an electric 2-potential coupling (A0, A1) through the
charge q, as we are going to show by first taking only the
continuous-time limit. In terms of the equations of mo-
tion, replacing Evolution (6) by Evolution (E1) means
replacing Eqs. (5) (we omit the mass) by
ψLj+1,p = e
−iαp
(
sc e−iϑp−1ψRp−1 + c
2ψLp − sc ψRp + s2eiϑpψLp+1
)
ψRj+1,p = e
−iαp
(
s2e−iϑp−1ψRp−1 + sc ψ
L
p + c
2ψRp − sc eiϑpψLp+1
)
.
(E2)
The continuous-time limit of the above equations
yields a Hamiltonian evolution with what we shall
call the left-right gauged Hamiltonian, whose single-
site (transport) term is Hˆg;tp = (−i/a) antidiag(|p〉〈p| −
|p+ 1〉〈p| e−iϑˆj , |p〉〈p+ 1| eiϑˆj − |p〉〈p|) + qAˆ0j |p〉〈p| . Taking
now the continuous-space limit, one ends up with the
announced Dirac equation.
The gauged evolution, Eqs. (E2), is invariant under
discrete-spacetime local gauge transformations, that is,
invariant under Ψj,p → eiqϕj,pΨj,p, where ϕj,p ∈ R is an
arbitrary local phase, provided the gauge field transforms
as
A0j,p −→ A0j,p −
1
∆t
(ϕj+1,p − ϕj,p) (E3a)
A1j,p −→ A1j,p +
1
a
(ϕj,p+1 − ϕj,p) . (E3b)
In the continuous-time limit, the transformation on the
gauge field reduces to A0p → A0p − ddtϕp, and A1p →
A1p+
1
a (ϕp+1 − ϕp) . Taking the continuous-space limit of
the previous transformation, one recovers the standard
gauge transformation of an Abelian Yang-Mills gauge
field, Aµ → Aµ − ∂µφ. Notice that the above gauge
transformation on the spacetime lattice, which is given
by standard finite differences, is extremely simple with
respect to that of Ref. [42]. This ensues from the fact
that scheme of the present work, Eq. (6), is chirally sym-
metrized with respect to that of Ref. [42], i.e., viewing
this from another perspective, symmetrized in time: in-
deed, in the present two-time-step scheme, the second
step is done with an opposite coin angle −θ, i.e. with
a coin operator which is the time-symmetrized of that
having angle θ.
The following quantity,
(F01)j,p ≡ (d0A1)j,p − (d1A0)j,p , (E4)
where, for any quantity Qj,p defined on the spacetime lat-
tice, we have introduced (d0Q)j,p = (Qj+1,p − Qj,p)/∆t
and (d1Q)j,p = (Qj+1,p+1 − Qj+1,p)/a, is invariant un-
der the transformation on the gauge field in Eqs. (E3)
(since d0 and d1 commute) and tends, in the continuous-
spacetime limit, towards the standard electric tensor,
F01 = ∂0A1 − ∂1A0. The following alternate quantity,
(U01)j,p = e
iqa2(F01)j,p , (E5)
is actually a more appropriate gauge-invariant quantity,
because, as the equations of motion, Eqs. (E2), are, it
is invariant under the transformation Aµj,p → Aµj,p +
2wµj,ppi/(q∆
µ), with ∆0 = ∆t and ∆1 = a, and wµj,p ∈ Z
such that w1j+1,p−w1j,p 6= −(w0j+1,p+1−w0j+1,p), whereas
(F01)j,p is not. This quantity, Eq. (E5), is exactly that
considered in Euclidean (or Wilson), and hence discrete-
(imaginary) time (Abelian) LGTs, see Eq. (5.20) of Ref.
[2]. Note that one can simply use U01 instead of F01
for possible discrete equivalents to Maxwell’s equations
in the fashion of Ref. [21], since this does not modify
the continuum limit, given that what appears in those
equations are the (discrete) derivatives of U01.
2. Naive scheme
We have seen that Eq. (E1) is a possible U(1)-gauged
version of Eq. (6). Now, a possible U(1)-gauged version
of Eq. (A16), is
Ug;tn = e
−iαˆjSR
kˆ
Cg(−θ˜, ϑˆj)SkˆCg(θ˜, ϑˆj)Skˆ(SRkˆ )−1 , (E6)
where
Cg(θ˜, ϑˆj) =
[
eiϑˆj cos θ˜2 − sin θ˜2
sin θ˜2 e
−iϑˆj cos θ˜2
]
. (E7)
The continuous-time limit of the evolution induced by
Ug;tn is a Hamiltonian dynamics given by the gauged ver-
sion of the massless naive Hamiltonian, that is,
(Hg;tn )p =
−i
2a
α1
( |p〉〈p+ 1| eiϑˆp − |p+ 1〉〈p| e−iϑˆp)
+ qAˆ0p |p〉〈p| . (E8)
Appendix F: Comment on the DTQW-based
digitization of the continuous-time naive LGT Dirac
dynamics
Let us comment on the particularity of the digitiza-
tion of the continuous-time naive LGT Dirac dynamics
through DTQW. Consider the following walk operator,
Wt(−θ˜1, θ˜2) = SRk C(−θ˜2)SkC(θ˜1)Sk(SRk )−1 , (F1)
which is nothing but Utn, given by Eq. (A16), but con-
sidering it as a function of two variables
θ˜i = pi − 2δ˜i , (F2)
i = 1, 2, with
δ˜i = κi
∆t
2a
. (F3)
The parameter κi is introduced to keep a trace, in the
calculations, of where the various terms come from in
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the original discrete-time scheme. Expanding the above
compact writing, Eq. (F1), yields the following one- time-
step evolution equations,
ψLj+1,p = s˜2s˜1ψ
L
p+2 + c˜2c˜1ψ
L
p − c˜2s˜1 ψRp+1 + s˜2c˜1 ψRp−1 (F4a)
ψRj+1,p = c˜2c˜1ψ
R
p − s˜2c˜1 ψLp+1 + c˜2s˜1 ψLp−1 + s˜2s˜1ψRp−2, (F4b)
which correspond essentially to Eq. (D9b), but with
s˜i = cos
θ˜i
2
= sin δ˜i = δ˜i +O(δ˜
3
i ) = κi
∆t
2a
+O(∆t3) (F5a)
c˜i = sin
θ˜i
2
= cos δ˜i = 1 +O(δ˜
2
i ) = 1 +O(∆t
2) . (F5b)
The continuous-time limit of this scheme reads
Ψ˙p = − 1
2a
[
κ1ψ
R
p+1 − κ2ψRp−1
κ2ψ
L
p+1 − κ1ψLp−1
]
. (F6)
As announced, the κi’s enable to visualize how the
terms of the continuous-time dynamics are implemented
by the discrete-time automaton, and make it manifest,
in the continuous-time limit, the lattice-chiral aspect of
the discrete-time implementation.
Appendix G: Even-odd digitization as a
DTQW-based digitization by introducing an
even-odd coin space.
The DTQW writing of Eqs. (5), namely, Eq. (6), can
actually be understood in the staggered picture, by re-
placing L (resp. R) by ‘even’ (resp. ‘odd’) and by us-
ing the staggered-picture lattice, but this demands to be
able to realize, on this lattice, (two-site) translations of
even-site (resp. odd-site) components without translat-
ing the odd-site (resp. even-site) ones. In other words,
if such translations can be realized, no single-site trans-
lations are needed to evolve the walker on the staggered-
picture lattice, and the suggested procedure is concep-
tually equivalent to the left-right picture since it natu-
rally introduces an even-odd (EO) internal Hilbert space.
Such an even-odd picture with even-odd internal degree
of freedom should thus simply be seen as a possible in-
stance of the left-right picture, with possible experimen-
tal interest.
To sum up the previous paragraph: the staggered pic-
ture of the left-right- Hamiltonian digitization can be
viewed as a possible instance of the non-staggered pic-
ture, provided one can realize site-parity- dependent two-
site translations on the staggered-picture lattice. We are
going to show that, similarly, the even-odd digitization
(referred to as non- DTQW-based) of naive fermions, pre-
sented in App. D, can also be viewed, under the same
condition, as such a DTQW in the EO coin basis (with,
of course, an additional LR internal degree of freedom
on which no DTQW is performed).
Eq. (D14) can be rewritten as(
Ut
(2)
e.o. Φ
(2)
)
l
= (G1)[
s˜
(
s˜ΦEl+1 − c˜σ1ΦOl
)
+ c˜σ1
(
c˜σ1ΦEl + s˜Φ
O
l−1
)
−c˜σ1 (s˜ΦEl+1 − c˜σ1ΦOl ) + s˜ (c˜σ1ΦEl + s˜ΦOl−1)
]
,
that is to say,
U t
(2)
e.o. =
[
s˜ −c˜σ1
c˜σ1 s˜
] [
1 0
0 e−iKˆ
] [
s˜ c˜σ1
−c˜σ1 s˜
] [
eiKˆ 0
0 1
]
,
(G2)
with Kˆ = 2kˆ, and where the (block-)matrices are written
in the EO coin basis, that we are allowed to introduce
provided one can realize site-parity- dependent two-site
translations, which makes single-site translations unnec-
essary (and forbidden if we introduce the EO coin basis).
The scheme may be rewritten as
U t
(2)
e.o. = VC(−θ˜)SRKˆC(θ˜)SLKˆ V† , (G3)
with C(θ) and SL/R
Kˆ
matricially given by C(θ) and SL/R
Kˆ
,
respectively, but where the \mathsf font indicates that
the coin basis is here the EO one, not the LR one. We
have also introduced the following site-parity- dependent
change of LR coin basis,
V =
[
ρ 0
0 ρ†
]
, (G4)
where
ρ = ei
pi
4
[
1 −i
−i 1
]
, (G5)
is a square root of the Pauli matrix σ1, i.e. ρ2 = σ1.
